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In this paper, we study the possible connections among different Spinor Quintom Dark Energy
(DE) models by the aid of duality. Then we apply the statefinder diagnostic to these models. By
this diagnostic pair {r, s}, we differentiate one Quintom DE model from the others in a model inde-
pendent manner. A class of evolutionary trajectories of these Spinor Quintom models are presented
in the statefinder parameter planes. We also obtain the current locations of the parameters r and
s, and these locations correspond to different models in statefinder parameter planes theoretically.
I. INTRODUCTION
There are mounting data from type Ia supernovae and cosmic microwave background (CMB) radiation and so on
[1–4]. All these data have provided strong evidences for the present universe, which is spatially flat, accelerated
expanding and dominated by dark sectors. The combined analysis of the above cosmological observations supports
that the contents of the universe comprise about 73% DE, 23% cold dark matter (CDM), and only 4% usual baryon
matter which can be described by the well-known particle theory. In terms of Friedmann-Robertson-Walker (FRW)
cosmology, this acceleration is attributed to an exotic form with negative pressure, the so-called DE. So far, the
nature of DE remains a mystery. Theoretically, the obvious candidate for such a component is a small cosmological
constant Λ (or vacuum energy) with Equation of State (EoS) w = −1. The corresponding cosmological model —
LCDM (or ΛCDM) — consists of a mixture of vacuum energy and CDM, but there exsits the fine tuning and the
coincidence problems. The inspiration of inflation suggests that DE is attributed to the dynamics of a scalar field or
multi-scalar fields, such as the Quintessence [5, 6], Phantom [7], K-essence [8–10]. There are also other DE models
such as Chaplygin gas [11], Braneworld models [12, 13], Holographic models [14–17], and so on. Although the recent
fits to the data from combination of WMAP [18, 19], the recently released 182 SNIa Gold sample [20] and also other
cosmological observational data show remarkably consistence of the cosmological constant, it is worth noting that a
class of dynamical models with EoS across −1 Quintom is mildly favored [21–24]. In the literature there have been a
lot on theoretical studies of Quintom-like models [25–42].
Previously, it has been proved that a Quintom DE model and its combination with Chaplygin gas fluid can be
realized by non-regular spinor matter [43]. Interestingly, this type of model can realize many kinds of Quintom
scenarios by transforming the form of potential of the spinor. Two typical Quintom models among these are Quintom-
A and Quintom-B: the former with EoS w > 1 at early time and w < 1 lately; while the latter with the EoS arranged
and changing from below −1 to above −1. To understand the possible combinations among different types of Quintom
model in spinor field, we perform the implications of cosmic duality in this class of models in this paper. Cosmic
duality is a mathematic feature which originates from string cosmology [44, 45]. Later on, cosmic duality is used
to connect the standard cosmology with phantom cosmology and generalized into studies in more complicated DE
models (see Refs. [46–49]). Ref. [34] was pointed out that there is a dual behavior between the models of Quintom-A
and Quintom-B. By studying the behavior of the energy density and pressure in spinor field, we find a duality between
the Quintom-A and Quintom-B. Meanwhile, we realize other Quintom models by considering this property.
Since more and more DE models have been developed to explain the current cosmic acceleration, a method for
discriminating contenders in a model independent manner was proposed by Sahni in Ref. [50, 51]. The new cosmo-
logical diagnostic pair {r, s}, called statefinder, is a geometrical diagnostics. This diagnostics is algebraically related
to the higher derivatives of the scale factor a with respect to time. It seems a natural next step to study beyond
the Hubble parameter H ≡ a˙
a
and the deceleration parameter q. Because the model-dependent physical variables
describing the DE depend on the properties of physical fields, the DE models can be distinguished more effectively
by statefinder than these variables. Hitherto, some DE models have been perfectly differentiated, such as LCDM
universe, Quintessence, Phantom, the Chaplygin gas, Braneworld models, Holographic models, and interacting and
coupling DE models. Correlative work has been performed by Ref. [52–65]. We apply diagnostic to the Spinor
Quintom models and present the trajectories in the r− s plane corresponding to these kinds of Quintom DE models.
The fixed point {r, s} = {1, 0} is in correspondence with the spatially flat LCDM scenario. For one given Quintom
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2model in spinor field, the departure from the fixed point {r, s} = {1, 0} provides a nice way to determine the distance
from LCDM.
This paper is organized as follows: In section 2, we realize possible connections among the different spinor Quintom
DE models using the cosmic duality. In section 3, we apply the statefinder diagnostic to these Spinor Quintom DE
models. Section 4 gives discussions and conclusions.
II. DUALITY OF SPINOR QUINTOM UNIVERSES
In this section, we investigate the possible connections among different Spinor Quintom models and realize more
Quintom DE models by the aid of the cosmic duality. The cosmic duality has been investigated by many work. The
authors of Ref.[66–68] have considered a possible transformation with the Hubble parameter and studied the relevant
issues with the cosmic duality[44, 45]. Specifically, Ref.[46] has shown a connection between a quintessence cosmology
and a contracting phantom cosmology. Later on, this duality has been generalized into studies with more complicated
DE models[47, 48, 69, 70]. Moveover, The form invariance transformations are used to constructed phantom cosmology
and extended to the fermion fields [71]. Motivated by these work, we investigate the cosmic duality in the Spinor
Quintom scenario under the transformation performed in Ref. [66–68].
We consider a universe filled with Quintom DE perfect fluid in spinor field [72–74], neglecting the contributions to
the components of matter and radiation. We deal with the homogeneous and isotropic FRW space-time, and assume
the space-time metric as,
ds2 = dt2 − a2(t)d~x2 . (1)
According to the dynamics of a spinor field which is minimally coupled to Einstein’s gravity[75–77], we can write
down the following Dirac action in a curved background space-time
Sψ =
∫
d4x e [
i
2
(ψ¯ΓµDµψ −Dµψ¯Γµψ)− V ]
=
∫
d4x e Lψ , (2)
where, e is the determinant of the vierbein eaµ and V stands for any scalar function of ψ, ψ¯ and possibly additional
matter fields. We assume that V only depends on the scalar bilinear ψ¯ψ. For a gauge-transformed homogeneous and
a space-independent spinor field, the equation of motion for spinor reads,
ψ˙ +
3
2
Hψ + iγ0V ′ψ = 0 , (3)
˙¯ψ +
3
2
Hψ¯ − iγ0V ′ψ¯ = 0 , (4)
where a dot denotes a time derivative and a prime is a derivative with respect to ψ¯ψ, while H is Hubble parameter.
Taking a further derivative, we can obtain the solution of equation of motion:
ψ¯ψ =
N
a3
, (5)
where N is a positive time-independent constant and we define it as the present value of ψ¯ψ. From the expression of
the energy-momentum tensor in Ref. [43] and the equation of motion for spinor, we get the energy density and the
pressure of the spinor field:
ρψ = T
0
0
= V , (6)
pψ = −T ii = V ′ψ¯ψ − V . (7)
The EoS of the spinor field, defined as the ratio of its pressure to energy density, is given by
wψ ≡ pψ
ρψ
= −1 + V
′ψ¯ψ
V
. (8)
To keep the energy density positive, one may see that there are wψ > −1 when V ′ > 0 and wψ < −1 when V ′ < 0
from Eq. (8). The former corresponds to a Quintessence-like phase and the latter stands for a Phantom-like phase.
3Therefore it requires that the derivative of the potential V ′ change its sign if one expects a Quintom picture. In
terms of the variations of V ′, (1). if V ′ > 0 → V ′ < 0, we get a Quintom-A scenario which evolves from a
Quintessence-like phase with wψ > −1 to a Phantom-like phase with wψ < −1; (2). while V ′ < 0 → V ′ > 0, one
can obtain a Quintom-B scenario, and for which the EoS is arranged to and changes from below −1 to above −1.
In the framework of FRW cosmology, the Friedmann equation reads,
H2 =
1
3
ρ , (9)
where we use units 8πG = ~ = c = 1 and all parameters are normalized by Mp = 1/
√
8πG in the paper.
The form-invariant transformation [66–68] reads,
ρ¯ = ρ¯(ρ) , (10)
H¯ = −( ρ¯
ρ
)
1
2H . (11)
Then the corresponding changes for the pressure p and the EoS w are,
p¯ = −ρ¯− ( ρ¯
ρ
)
1
2 (ρ+ p)
dρ¯
dρ
, (12)
w¯ = −1− ( ρ¯
ρ
)
3
2
dρ¯
dρ
(1 + w). (13)
Taking ρ¯ = ρ in Eqs. (12) and (13) as an example of detailed discussion, regardless of loss of the generality of the
physical conclusion and information, we can get the dual transformation:
H¯ = −H, (14)
p¯ = −2ρ− p = −V ′ψ¯ψ − V, (15)
w¯ = −2− w = −1− V
′ψ¯ψ
V
. (16)
Consequently, the dual form of Lagrangian reads,
L¯ = − i
2
(ψ¯ΓµDµψ −Dµψ¯Γµψ)− V. (17)
Contrasting the Lagrangian derived from Eq. (2) and its dual form in (17), we find that if the original Lagrangian is
for a Quintom-A model, and the dual one is for a Quintom-B one by the dual transformation, and vice versa. With
this property, it is possible that one model for the evolution of the universe can be connected to others. While from
the Eq. (16), one can expect a symmetrical evolution tracks of the EoS comparing with its dual Eq. (8):
(i). There is
V ′ < 0 → V ′ > 0 ,
which gives a Quintom-A scenario by describing the universe, and the universe evolves from Quintessence-like phase
with wψ > −1 to Phantom-like phase with wψ < −1;
(ii). There is
V ′ > 0 → V ′ < 0 ,
which gives a Quintom-B scenario and for this scenario, the EoS is arranged and changes from below −1 to above −1;
Solving the Einstein equation (9) and its dual form (17), we may discuss different periods of the evolution of Quintom
universe.
To discuss in detail, we will consider three special kinds of power-law-like potentials and perform its semi-analytic
solution to present the dual characteristics, then we take these potentials to study its numerical solutions.
In the first instance, we take a potential as V = V0[(ψ¯ψ − b)2 + c] which can realize Quintom-A scenario, and
its detailed discussion can be found in Ref. [43]. Its dual solution is a description of the universe in the case of
Quintom-B. According to Eq. (5), one finds that ψ¯ψ is decreasing along with an increasing scale factor a during the
expansion of the universe. From the formula of V ′, we deduce that at the beginning of the evolution the scale factor
a is very small, and so correspondingly ψ¯ψ becomes very large in order to ensure V ′ > 0 at the beginning. Then
ψ¯ψ decreases along with the expanding of a. At the moment of ψ¯ψ = b, one can see that V ′ = 0 which results in
4the EoS wψ = −1. After that V ′ becomes less than 0, so then the universe enters a Phantom-like phase. Finally,
the universe approaches to a de-Sitter space-time in the Quintessence Phase in the future. Accordingly, the EoS of
the dual form evolves from below −1 and crosses −1 as t → 0, later, to above −1. In final, it approaches to the
cosmological constant when t → +∞. It is shown that either Quintom-A or Quintom-B will avoid a big rip when
w < −1. In Fig. 1, we plot the concrete picture of this dual pair. We can find that the evolution of these two models
is just as a dual process fit.
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FIG. 1: The evolution of Quintom-A and its dual Quintom-B as a function of time for V = V0[(ψ¯ψ − b)
2 + c], where V0 =
1.0909 × 10−117. The model parameters b = 0.05, c = 10−3. The initial conditions (ψ¯ψ)0 = 0.051.
In succession, if V = V0[−(ψ¯ψ − b)ψ¯ψ + c], we obtain a Quintom-B model (see Ref. [43]). Taking a dual form
theoretically as discuss above, we can present a numerical solution in Fig. 2. Clearly, the duality of this Spinor
Quintom model shows a the evolutionary picture of Quintom-A.
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FIG. 2: Same as Fig.1, but for the evolution of Quintom-B and its dual Quintom-A. The solid line is the Quintom-B model,
and the dash line is its dual model.
These two kinds of models describe different behaviors of the cosmological evolution: one is an expanding phase
while the other lies in the contracting one. The behavior depends on the potential and initial conditions we choose.
It is found that Quintom model and its dual form are symmetrical with respect to w = −1.
For an extended investigation, we take V = V0[(ψ¯ψ − b)2ψ¯ψ + c], which can realize a picture across w = −1 twice.
In Fig. 3, we can see that this dual model evolves from below −1 and crosses −1 twice, and later to below −1 again.
Ultimately, it approaches to the cosmological constant boundary when t→ +∞.
From the above analysis, we investigate the connections among different models and evolutionary trajectories of
our universe with the help of this characteristic. It is known that under different kinds of model of evolution, the
fate of the universe will be different. Our study in this section helps us understand the properties of various DE
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FIG. 3: Same as Fig.1, but for the evolution of NEC satisfied Quintom model and its dual model. The solid line is the
Quintom-B model, and the dash line is its dual model.
models and their connections to the evolution and the fate of the Universe. Moreover, the past and future properties
can be understood by studying the above characteristics. One application to combine these properties together is
Quintom-like bouncing cosmology, which has been intensively studied in Refs. [36–38]. In the meantime, we also
realize three more Quitom models through the dual transformation.
III. STATEFINDER DIAGNOSTIC TO SPINOR QUINTOM MODELS
Based on the above discussions, we have known the connections between two kinds of Spinor Quintom models.
It can be seen that there are so many Spinor Quintom DE models proposed to explain the cosmic acceleration,
thus how to distinguish these models become a widely attentional issue. It is no doubt that the effective EoS is an
important property of DE, and different model is described by different EoS. However, the EoS, which depends on the
selection of FRW background and the pre-supposition for ignorance of the contributions to the components of matter
and radiation, is a model-dependent parameter[51]. In order to differentiate the different DE models fundamentally,
we need a class of variables which reflect the fundamental property for field-theoretical DE models and should be
independent of any assumption when the models are constructed. Considering this, we use one pair of widely used
parameter—statefinder parameter—to differentiate them in this section. Also on the grounds of this consideration,
Sahni proposed the geometrical–constructed from space-time metric directly– statefinder diagnostic pair {r, s}, which
is defined as [50, 51],
r ≡
...
a
aH3
, s =
r − 1
3(q − 1
2
)
, (18)
where q is the deceleration parameter,
q = − a¨
aH2
. (19)
Accordingly, by showing different evolutionary trajectories qualitatively in the r− s and r− q planes, this statefinder
pair can differentiate one DE model from the others. In what follows we will apply the statefinder diagnostic to three
Quintom models in spinor field—Quintom-A, Quintom-B, and the Quintom model crossing −1 twice. We use the
form of the statefinder parameter written by pressure and energy density in the following text,
r = 1 +
9(ρ+ p)p˙
2ρρ˙
, s =
(ρ+ p)p˙
ρρ˙
, (20)
where the energy density and pressure are given by Ref. [43].
Taking components of dark matter and DE into account in a spatially flat universe, we can write down the Friedmann
equation:
H2 =
1
3
(ρψ + ρm), (21)
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FIG. 4: The r(s) and r(q) for the potential V = V0[(ψ¯ψ − b)
2 + c], where V0 = 1.0909 × 10
−117. The model parameters
b = 0.05, c = 10−3. The initial conditions (ψ¯ψ)0 = 0.051.
where ρm is the energy density of dark matter with EoS pm = (γm − 1)ρm. Ignoring the interaction between the two
dark sectors, we can see that the energy density of both DE and dark matter are conserved and satisfy its continuity
equation, respectively,
ρ˙ψ + 3H(ρψ + pψ) = 0, (22)
˙ρm + 3Hρm = 0. (23)
As a result, using the EoS, the equation of motion and the Friedmann equation, we obtain the following expressions,
r = 1 +
9
2
wψ(1 + wψ)Ωψ +
9
2
w′ψψΩψ , (24)
s = 1 + wψ +
w′
wψ
ψψ , (25)
and the deceleration parameter
q =
1
2
+
3
2
wψΩψ, (26)
where Ωψ =
ρψ
ρ
is the fraction of energy density of DE, and w′ is the derivative of EoS with respect to ψψ.
Hereinafter, we study the statefinder diagnostic for the Spinor Quintom models in three different potentials. Firstly,
we discuss the Quintom-A model with the form of potential V = V0[(ψ¯ψ − b)2 + c], where V0, b, c are undefined
parameters. In Fig. 4, we show the time evolution of statefinder pair {r, s} and {r, q}. In the left figure of Fig. 4,
the LCDM scenario corresponds to a fixed point s = 0, r = 1. It can be found that r monotonically decreases with s
from today to the point of LCDM along the trajectory of Spinor Quintom-A model in r− s plane. The current value
also can be presented.
Next, the trajectories of Spinor Quintom-B model with potential V = V0[−(ψ¯ψ−b)ψ¯ψ+c] are plotted. In numerical
calculations, we take the same value as Quintom-A model. It can be seen that the evolutionary graphics of Quintom-B
is roughly opposite to that of Quintom-A in both {r, s} and {r, q} planes (See Fig. 5 for a clear image). On the
contrary, r monotonically increases with s from today to the point of (0, 1) corresponding to LCDM. Furthermore,
this trajectory is always below that of the standard cold dark matter(SCDM).
Finally, we turn to the case of crossing the cosmological boundary twice. The phase portraits of {r, s} and {r, q} are
presented in Fig. 6, respectively, where the values of parameters are also the same as those of the case of Quintom-A.
In r− s plane, we can see that r also monotonically decreases with s from today and then crosses the point of LCDM.
And in final, it ends at this point. While for r − q diagram, both our model and LCDM evolve to a steady state
cosmology(SS) at when q = −1, r = 1, i.e. the de Sitter expansion.
We can see that in r−s diagram both of the two former models end their evolution at the fixed point {r, s} = {1, 0}
corresponding to the LCDM. In the case of Quintom-A, it is found that the r − s phase portrait is always in the
region of negative s and positive r. On the contrary, most of the r(s) trajectories of Quintom-B lies in the opposite
70.0 0.4 0.8 1.2 1.6
-16
-12
-8
-4
0
 
 
r
s
Today
LCDM SCDM
-4 -3 -2 -1
-16
-12
-8
-4
0
 
 
r
q
LCDM
Today
SS
FIG. 5: Same as Fig.4 but for the potential V = V0[−(ψ¯ψ − b)ψ¯ψ + c]. The location of these two tracks are roughly opposite
to that of Fig. 4.
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FIG. 6: Same as Fig.4 but for the potential V = V0[(ψ¯ψ − b)
2ψ¯ψ + c].
locations. While the third case gives another evolutionary portraits. From the above numerical analysis, we find that
either of these Quintom model ends their evolution at a fixed point—LCDM, in according with a De Sitter space-time
realized in the second section.
In conclusion, we have investigated the dynamics of Spinor Quintom DE models by using the new geometrical
diagnostic method—statefinder pair {r, s}. The Ref. [57] has applied this method to Quintom model and successfully
differentiate this class of models from other DE models. But it seems not useful to discriminate Quintom models in
different potentials. However, as can be seen in this section, the statefinder diagnostic is able to differentiate different
Quintom models from diverse kinds of power-law potential in the spinor scenario, as well as distinguish the Spinor
Quintom models from other DE models. Current data is not precise enough to distinguish these DE models by the
aid of the statefinder pairs, and we expect further and more exact data to constrain the properties of DE.
IV. CONCLUSION AND DISCUSSIONS
To summarize, since more and more Quintom DE models are proposed, we established the connections among
these models by the aid of the cosmic duality. To connect the two totally different scenarios of universe evolution the
cosmic duality in spinor scenario, we keep the energy density of the Universe and Einstein equations unchanged, but
transforming the Hubble parameter. Besides, in order to make fundamental and model-independent differentiation
among different DE models, we apply the new geometrical diagnostic method—statefinder pair {r, s} to the Spinor
8Quintom model. We differentiate different Quintom models with different kinds of power-law potentials in the spinor
scenario, and distinguish the Spinor Quintom models from other DE models, as well. As we know, the statefinder
parameters r−s, which are the natural next step beyond the most well-known and widely used geometrical parameters
Hubble parameter H(t) and the deceleration parameter q(t), relate to the third order derivatives of scalar factor. It
is enough to constrain the DE models at present by the aid of this pair of parameters. However, Current data is not
precise enough to distinguish these DE models, and we expect further and more exact data and the other parameters
to constrain the properties of DE.
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